In this paper we investigate the existence of mild solutions on a compact interval to initial value problems for neutral functional differential and integrodifferential inclusions in Banach spaces with nonlocal conditions. The results are obtained by using a fixed point theorem for condensing maps due to Martelli.
INTRODUCTION
In this paper we prove the existence of mild solutions, defined on a compact interval, for neutral functional differential and integrodifferential inclusion with nonlocal conditions. In Section 3 we study the neutral where A is the infinitesimal generator of a strongly continuous semigroup Ž .
Ž . E Ž of bounded linear operators T t in E, F : J = C J , E ª 2 J s 0 0 w x. yr, 0 is a bounded, closed, convex valued multivalued map, f : J = Ž . Ž . C J , E ª E, g C J , E , 0 -t -иии -t F b, p g N, :
0 0 1 p w Ž .x p Ž . < < C J , E ª C J , E , and E a real Banach space with the norm и . This paper is motivated by the recent papers of Hernandez and Henw x w x w x riquez 16, 17 and Byszewski and Akca 10 . In 16, 17 quasi-linear neutral functional differential equations are studied, with the aid of semigroup w x theory and the Sadovski fixed point theorem. In 10 , a nonlocal Cauchy problem for functional differential equations was studied. Here we compose the above results and prove the existence of mild solutions for the Ž . Ž . Ž . Ž . nonlocal Cauchy problems 1 ᎐ 2 and 3 ᎐ 4 , relying on a fixed point w x theorem for condensing maps due to Martelli 21 . For recent results on nonlocal IVP we refer to the papers of Balachanw x w x dran and Chandrasekaran 1 , Byszewski 8, 9 , Dauer and Balachandran w x w x w x w x 11 , Lin and Liu 20 , Ntouyas 22 , Ntouyas and Tsamatos 23᎐25 , and w x Benchohra and Ntouyas 3᎐7 .
PRELIMINARIES
In this section, we introduce notations, definitions, and preliminary facts from multivalued analysis which are used throughout this paper. Ž . C J, E is the Banach space of continuous functions from J into E with the norm G has a fixed point if there is x g X such that x g Gx. Ž . In the following BCC X denotes the set of all nonempty bounded, closed and convex subsets of X.
Ž . A multivalued map G : J ª BCC E is said to be measurable if for each x g E the function Y : J ª R defined by We remark that a completely continuous multivalued map is the easiest example of a condensing map.
Our existence results will be proved using the following fixed point result. 
EXISTENCE RESULTS FOR NEUTRAL FUNCTIONAL DIFFERENTIAL INCLUSIONS
Ž . Ž . In order to define the concept of mild solution for 1 ᎐ 2 , by comparison with the abstract Cauchy problem
w x Ž . Ž . whose properties are well known 27 , we associate 1 ᎐ 2 to the integral equation
Ž .
where Assume that:
A is the infinitesimal generator of a compact semigroup of Ž . bounded linear operators T t in E such that
Ž . H2 There exists constants 0 F c -1 and c G 0 such that
Ž . H3 is completely continuous and there exists a constant G such that
. with respect to t for each u g C J , E , u.s.c. with respect to u for each
is nonempty. Ž . Ž . Ž . H6 The function f is completely continuous and for any bounded 
Ž .
ii S is nonempty if and only if the function Y : J ª R defined by
The following lemma is crucial in the proof of our existence results. 
Ž . 
Ž . We shall show that N is a completely continuous multivalued map, u.s.c. with convex closed values. The proof will be given in several steps.
Step Step 2. N maps bounded sets into bounded sets in C. that for each h g N y, y g B s y g C : y F q one has h F l l .
If h g N y, then there exists g g S such that for each t g J we have 1 
F, y t t h t s AT t y s f s, y ds q T t y s g s ds.
Ž 
Step 3. N maps bounded sets into equicontinuous sets of C. Ž . Ž .
As t ª t the right-hand side of the above inequality tends to zero. 2 1 The equicontinuity for the cases t -t F 0 and t F 0 F t is obvious. Ž . As a consequence of Step 2, Step 3, and H6 together with the Ž .
Ascoli᎐Arzela theorem we can conclude that N : C J , E ª 2 i sa 1 compact multivalued map, and therefore, a condensing map.
Step 4. N has a closed graph.
Let y ª y#, h g Ny , and h ª h#. We shall prove that h# g Ny#, n n n n h g Ny means that there exists g g S such that
We must prove that there exists g# g S such that
Ž . Since f is continuous we have that
Consider the linear continuous operator
From Lemma 3.1, it follows that ⌫ ( S is a closed graph operator. Ž .
Since y ª y#, it follows from Lemma 3.1 that
Ž . for some g# g S .
F, y#
Therefore N is a completely continuous multivalued map, u.s.c. with convex closed values. In order to prove that N has a fixed point, we need one more step.
Step 5. The set Ä 4
⍀ [ y g C : y g Ny, for some ) 1 is bounded.
Let y g ⍀. Then y g Ny for some ) We consider the function defined by
w x Ž . < Ž .< Let t* g yr, t be such that t s y t* . If t* g J, by the previous inequality we have for t g J 
Ž .
Let us take the right-hand side of the above inequality as¨t . Then we have
Using the nondecreasing character of we get
This implies for each t g J that
Ž . This inequality implies that there exists a constant L such that¨t F L, Ž . 5 5 Ž . t g J, and hence t F L, t g J. Since for every t g J, y F t , we
where L depends only on b and on the functions p and . This shows that ⍀ is bounded. Set X [ C. As a consequence of Lemma 2.1 we deduce that N has a Ž . Ž . fixed point which is a solution of 1 ᎐ 2 .
EXISTENCE RESULTS FOR NEUTRAL FUNCTIONAL INTEGRODIFFERENTIAL INCLUSIONS
Ž . Ž . In this section we consider the solvability of IVP 3 ᎐ 4 . Let us list the following hypotheses:
Ž . w x H7 for each t g J, K t, s is measurable on 0, t and
is bounded on J; 
